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Abstract In this work, we develop a thorough investigation of a general framework for theoretical analysis and prac-
tical implementation of a data engine for allocation and pricing in Internet market design. We build the reduced form
database for a grid of distributions. Based on the fact that, under suitable conditions, a fair deviations of buyer valuation
distributions would not change the reduced form significantly, such that a database provides answers for a significantly
broad class of value distributions of agents in a market setting.

We present the theoretical principles and implementation structures as well as experimental studies for a feasibility study

of this paradigm.
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1 üÔ¬ûñ¥�ÎÒ�Vgµe

3ùp§·�^üÔ¬ûñ����~f5`

²·���.±9ÎÒ!VgÚÄ�(J"

1.1 ª¢5ûñ�O

�Ä3��ûñ¥§n ï[§1, 2, . . . , né�

�Ô¬¿d"ñ��8I�3ª¢5Ú�Nn5�

��e§��z§�Ï"ÂÃ"ùp¡��Å�ä

kª¢5´�§3ù�Å�e§vk?Ûï[�±Ï

L��¦/¨éÔ¬�h<�dO\ÙÏ"�^"

��Å�äk�Nn5K�¦�yz� ï[Ñ

ØU¼�K��^£=éuºx¥5�ï[5`K

�Ï"�^¤"

ù���ûñ�±�£ã��|¼ê(Q, p)§

Ù¥Qò¿d�þ~vN��[0, 1]n�m¥��þ§L

«3ù�¿d�ªe§� ï[¼�Ô¬�VÇ;

pò¿d�þ~vN��Rn§L«� ï[I|G�
a"

Ó�§·�^~tL«��
5�Ñd�þ"ùp

ï[iéuûñÔ¬�h<�dP�ti§ù´�kï

[i���&E"-�þ~v = (v1. . .vn)L«¤kï[

�Ñd"�¤kï[±Ùý´�dÑd�§v = t"

1.1.1 {z.

éuëY�ûñ§·��Äï[iéÔ¬��

dtid�|k.«m[ai, bi]þ�ëY�VÇ©ÙL

«"-fi : [ai, bi] → R+�A�VÇ�Ý¼ê"ùp

·�b�−∞ < ai < bi < +∞±9∀i∀ti : fi(ti) >

0"-FiL«fiéA�VÇ©Ù¼êµ

Fi(ti) =

∫ ti

ai

fi(si)dsi (1)

-TL«¤kï[�U��d|Ü�¤�8Üµ

T = [a1, b1]× · · · × [an, bn] (2)

ùp·�½ÂT−i =
∏
j 6=i[aj, bj]§L«Ø�1i ï

[	¤kï[�U��d|Ü

aq�§TÚT−i�éÜVÇ�Ý¼ê©Od

f(t) =
n∏
j=1

fj(tj) (3)

Ú

f−i(t−i) =
∏
j 6=i

fj(tj) (4)

L«"

�½��ûñÅ�(Qp)§·�½Â�{z

.qi(ti)§L«ï[i3�d�ti�¼�Ô¬�VÇ"

ùp�VÇ5guÙ¦ï[�d�Ø(½5§±9

Å���Å5"3ëY��¹e§·�k

qi(ti) =

∫
T−i

Qi(t)f−i(t−i)dt−i (5)
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1.1.2 ª¢5Ú�Nn5

δ-������ddd---yyy���NNN(δ-BIC) ������ûûûñññ���ÆÆÆ´́́������

ddd---yyy���NNN£££BIC¤¤¤������===���zzz���ëëë���ööö������^̂̂333

¦¦¦/¨̈̈ééézzz���ééé������ÑÑÑddd���ýýý¢¢¢���ddd������������`̀̀"""

333±±±eee���¿¿¿ÂÂÂþþþ§§§···������ttt


���


δ > 0���������

~qi(ti)·~vi(ti)−pi(ti) ≥ ~qi(si)·~vi(ti)−pi(si)−δ ∀ti, si

XXXJJJþþþªªª¥¥¥δ = 0§§§éééAAA���ûûûñññ÷÷÷vvvIC"""

���NNNnnn555(IR) ������ÅÅÅ���÷÷÷vvv���<<<nnn555£££IR¤¤¤������

===���zzz������±±±ýýý¢¢¢���dddÑÑÑddd���ïïï[[[���^̂̂´́́���KKK���§§§

===

~qi(ti) · ~vi(ti)− pi(ti) ≥ 0 ∀ti
XXXJJJ333������ÅÅÅ���eee§§§zzz������±±±ýýý¢¢¢���dddÑÑÑddd���ïïï[[[

ÄÄÄuuuÙÙÙ¦¦¦ïïï[[[ÑÑÑdddaaa...���ÏÏÏ"""���^̂̂´́́���KKK���§§§KKKùùù

���ÅÅÅ���÷÷÷vvv���������NNNnnn���£££interim IR¤¤¤"""

1.1.3 ÂÂÂÃ��z

zñ[�ÂÃR�½Â�¤kï[G±�Ú�Ï

"§=

R =

∫
T

∑
i∈N

(pi(ti)fi(ti))dt

ùpÂÃ��z´�ñ[3÷vICÚIR^�

e§��z§�ÂÃR"

·�ò©O31�ü�!�Ñéu�d3ëY

ÚlÑ�«�þ���c<®k�(J",�§·

�UY?Ø·�'uCq�¡�ïÄ"

1.2 ëY^�e��`Å�

éuz��ï[iÚ¦�Ñdti§½ÂJÑdµ

ci(ti) = ti −
1− Fi(ti)
fi(ti)

(6)

-

Pi(q) =

∫ bi

ai

ci(ti)qi(ti)fi(ti)dti (7)

±9Å�Q�Ï"ÂÃ�µ

R(Q) =

∫
T

(
n∑
i=1

ci(ti)Qi(t)

)
f(t)dt =

n∑
i=1

Pi (8)

�`Å�´�±ÏLù���ª��µÄk

ÀJ¦R(Q)��Ó�éu?¿iÑkQi(ti)�4~

�Q§,�ÀJ·��p¦�ù�Å�äkª¢5Ú

�Nn5"

3��zR(Q)�§�±-hi(s) = ci(F
−1
i (s)),

Hi(s) =
∫ s

0
hi(r)dr, Li(s) = conv Hi(s), c̄i(ti) =

L′i(Fi(ti)), Ù¥conv Hi(s)�[0, 1]þ÷vLi(s) ≤

Hi(s), ∀s ∈ [0, 1]��p�à¼ê"�±y²§Ï

Le¡��ªÀJQ�±¦�R(Q)����µé

?¿t = (t1, . . . , tn), O�z�tiéA�c̄i(ti)§Ó

�-ML«äk��c̄i�ï[8Ü"éui ∈ M§

-Qi(t) = 1/|M |§éuj 6= M§-Qj(t) = 0 for

j 6= M"

1.3 lÑ�.

aq��{�·^u3lÑ^�e [4]�ï�`

ûñ§Ù¥ûñA = (n,W,F )½ÂXeµ

ï[i��d´l��k�8Wi = {wki | k =

1, . . . ,K}¥��§�ëY�.¥�«m"�

{B·��±b�w1

i < · · · < wKi §ù�:�

±ÏL���I¢y"PÝï[i�d�VÇ©Ù

�f1
i , . . . , f

K
i "-F

k
i =

∑k
j=1 f

j
i .

Ó�§-W = W1×· · ·×Wn,W−i =
∏
j 6=iWj§

Qi(w
k1
1 , . . . , w

kn
n )L«ï[i3Ñd�¹�w =

(wk11 , . . . , w
kn
n )�¼�Ô¬�VÇ"Kd��½Â

{z.µ

qki =
K∑

k1=1

·
K∑

ki−1=1

K∑
ki+1=1

·
K∑

kn=1

Qi(w
k1
1 , ·, wki , ·, wknn )

fk11 · f
ki−1

i−1 f
ki+1

i+1 · fknn (9)

L«Ñdwki¼�Ô¬�VÇ"

,	§ù�ï[i�JÑd��½Â�µ

cki = wki − (wk+1
i − wki )

1− F k
i

fki
(10)

2-

Pi =
K∑
k=1

cki q
k
i f

k
i (11)

±9Å�Q�Ï"ÂÃ�µ

RQ =
∑

(k1,...,kn)∈W

(
n∑
i=1

ckii Qi(w
k1
1 , . . . , w

kn
n )

)
n∏
i=1

fkii

=
n∑
i=1

Pi (12)

ùp·�I�ÀJ3÷v^�qki ≤ qk+1
i , ∀ie

¦�RQ���Q"

ù p · � 5 ¿ �, F k
i = f1

i + · · · +

fki" K -Hk
i = c1

i f
1
i + · · · + cki f

k
i § ±

9F 0
i = H0

i = 0, · � � ± ^Hi(z) :

[0, 1] → RL«ò{(F 0
i , h

0
i ), . . . , (F

K
i , H

K
i )}Å�

ë���)�¼ê, Ó�-Li(z) : [0, 1] →
RL«8Ü{(F 0

i , H
0
i ), . . . , (FK

i , H
K
i )}�e�ä"
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òLi(F
k
i ){P�Lki .-c̄

k
i = (Lki −Lk−1

i )/fki"KÏL

e¡��ªÀJQ�±¦�R(Q)����µ-M�

äk��c̄i�ï[8Ü,éui ∈ M§-Qi(t) =

1/|M |§éuj 6= M§-Qj(t) = 0 for j 6= M"

1.4 {z./ªe��`ÂÃ

3ëY^�e§�|¼êqi : Ti → R�¤��

¢y�§��=��3����éA��k�©�

¼ê"�Ò´`§�3�|¼êQi÷vµ

qi(ti) =

∫
T−i

Qi(ti, t−i)dF−i (13)

aq�§3lÑ^�e§�|¼êqi : Ti → R�

¤��¢y�§��=��3��k�ûñ�©�

¼ê��éA"=�3�|¼êQi÷vµ

qki =
K∑

k1=1

·
K∑

ki−1=1

K∑
ki+1=1

·
K∑

kn=1

Qi(w
k1
1 , ·, wki , ·, wknn )

fk11 · f
ki−1

i−1 f
ki+1

i+1 · fknn (14)

XJ·�l{z.��Ý5�Äþ¡?Ø�ü

«�¹§K·��8IC�é����¢y��4

~�{z.q¦�

R(q) =
n∑
i=1

Pi(q) (15)

��"

e¡·��Ä���¢y�{z.A÷v�^

�"3[1]©¥§Bordery²
§3lÑ^�e§{z

.q´�¢y���=�

∀S1 ⊆W1, S2 ⊆W2, . . . , Sn ⊆Wn,∑
i

∑
Ai∈Si

qi(Ai)Pr(ti = Ai)

≤ 1−
∏
i

(1− Pr(ti ∈ Si)) (16)

ù�úª£ã�´I�Ô¬�ï[3Si¥£XJï

[iI�Ô¬¤�VÇ§Ø�L(¢�3��ï[i�

a.3Si¥�VÇ"5¿�§ù�úª�7�5w,

¤á"=¦´3ëY^�e�´Xd§=:

∀S1 ⊆ T1, S2 ⊆ T2, . . . , Sn ⊆ Tn,∑
i

∫
A∈Si

qi(Ai)Pr(ti = Ai)

≤ 1−
∏
i

(1− Pr(ti ∈ Si)) (17)

1.5 ëYÅ��lÑz

�X§·�?ØëY�¹ÚlÑ�¹�m�'

X"·�?Ø�@XÚz��{ò���½�ëY

ûñ¯KlÑz"Ó�A^þã�{z.�5�§�

���ëYûñ±9ÙéA�lÑûñ���Ï"

ÂÃ^u'�"

�½��ëYûñA = (n, T, F )Ú���êK§

·�½Âü�lÑûñµǍK = (n, W̌ , F̌ )ÚÂK =

(n, Ŵ , F̂ )Xe:

éuz�ï[i§·�r«m[ai, bi] y©�K�f«

m"kü«�{�±��lÑz�ûñ"éuëY

ûñ¥�z��dti§b�§á31k�f«m§K

·�-ï[i3lÑûñ¥��d�uù�f«m

��>.§P�w̌ki"u´ï[i�d�w̌
k
i�VÇf̌

k
i �

uf31k�f«m�È©"XJ·�æ�m>.�

{§�±��,��lÑ(J"ùü«lÑ(J·

�Ñò3ùp?Ø"-

W̌i = {w̌ki | w̌ki´1k�f«m��>.}
Ŵi = {ŵki | ŵki´1k�f«m�m>.}

±9éA�

f̌ki =

∫ w̌k+1
i

w̌k
i

f(ti)dti (18)

f̂ki =

∫ ŵk
i

ŵk−1
i

f(ti)dti (19)

Ù¥w̌K+1P�bi,Ó�ŵ
0P�ai"´�éu?¿

�iÚk§·�kf̌ki = f̂ki"

,	§·�½Âdi = (bi − ai)/K±9d =

max{di}"
Ù§�VgÚÎÒ��c�½Â�Ó"

1.5.1 lÑzûñ�ÂÃ��ûñÂÃ�m�'X

Äk·��Ñü�Ún§Ù¥Ún�·�ò3

�¡�Ù!¥y²µ

Ún1.1. éu?¿ëYûñA, R(Ǎk) ≤ R(A) ≤
R(Âk).

Ún1.2. éu?¿ëYûñA, R(Âk) ≤ R(Ǎk)+d

y². dč±9ĉ�½Â��µ

ĉi
k = či

k + di (20)

b �ǍKÚÂk� � ` { z . © O ´q̌Úq̂" é

uP̂i(q̂i)ÚP̌i(q̂i)·���

P̂i(q̂)− P̌i(q̂) =
K∑
k=1

diq̂
k
i f̂

k
i

= diP (ï[i ��Ô¬) (21)
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Ïd

R(ÂK)−R(ǍK) ≤ R̂(q̂)− Ř(q̂)

≤
n∑
i=1

dP (ï[i��Ô¬) ≤ d (22)

dþãü�Ún§·������µ

½½½nnn1.1. éééuuu???¿¿¿ûûûñññA = (n, T, F ),·�

k lim
K→∞

R(ǍK) = R(A)

íØØØ1.1. éééuuu???¿¿¿ûûûñññA = (n, T, F ) ±±±999???

¿¿¿ε > 0, �3K ÷vK = O(max
i
{bi − ai}, 1

ε
)

9R(A)−R(ǍK) < ε

y². dÚn 1.2��, �÷vR(A)−R(Ǎk) < ε,·

��I�d < ε, Ïd·�I�
max

i
{bi−ai}

K
< ε§�Ò

´`K > 1
ε

max
i
{bi − ai}

2 ëYõÔ¬ûñ�lÑCq

8c§3ëY�^�e�üÔ¬ûñ®²k


���)û�Y [5]§�dÓ�§3lÑ�^�e�

õÔ¬ûñ�±ÏLCq�{¦) [3]§·�a,

��´3ëY�^�e�õÔ¬ûñ"

2.1 õÔ¬ûñ

��õÔ¬ûñA = (n,m, T, v, F )½ÂXeµ

ï[ÚÔ¬ kn ï[Úm�Ô¬.

a. ï[ik��a.8Ti (~X§Ti = [0, 1]). ï

[�a.´Ti¥����ÅCþ§§�VÇ

�Ý¼ê�fi§VÇ©Ù¼ê�Fi"-T =

Πn
i=1Ti"T¥�z���þÑ´�|¤kï[

�U�a."

�d z   ï [ k � � � d ¼ ê~vi : Ti →∏
1≤j≤m[aij, bij]§Ù¥aij Úbij ©O´ï[ié

Ô¬j�d�U���Ú���"�Ò´

`vij(ti)´ï[i3a.�ti�éÔ¬j��d"

ûñ ��ûñ�±d�|¼ê(Q, p)L«"Ù¥Q :

T → Rmn§pi : Ti → R"Qij(t)L«ï[i3

a.�t�¼�Ô¬j�VÇ"-pi(ti, t−i)L«

ï[ia.�tiÙ¦ï[a.�t−i��G±"

-pi(ti)L«ï[iG±�Ï":

pi(ti) =

∫
T−i

pi(ti, t−i)dF−i

{z. ��ûñ¥ï[i�{z.~qi : Ti → Rm´ï

[i3a.�ti�¼�z�Ô¬�Ï"VÇ�þ§

=µ

qij(ti) =

∫
T−i

Qij(ti, t−i)dF−i

¢y �|¼ê~qi : Ti → Rm (1 ≤ i ≤ n)´�¢y

���=��3�|¼êQij(·)(1 ≤ i ≤ n and

1 ≤ j ≤ m) ÷v∀i∀j

qij(ti) =

∫
T−i

Qij(ti, t−i)dF−i

Ù¥

0 ≤ Qij(t) ≤ 1 ∀i,∀j∀t∑
i∈N

Qij(t) ≤ 1 ∀j∀t

�^ ï[i��^¼êUi�¦/¨¼�Ô¬�Ï"�

d~�ÙG±"Ïdï[i�Ï"�^�µ

Ui(p,Qij(ti, t−i), ti) = Et−i
(
∑
j∈M

Qij(t)vij(ti)−pi(ti, t−i))

�t−iéAuF−i�§{z.��^�±{z�µ

Ui(p, ~qi(ti), ti) = ~qi(ti) · ~vi(ti)− pi(ti)

2.2 k�| 8þûñ�CqUå

Äk·��Ñn�Únµ

Ú n2.1. b � k ü � û ñA1 =

(n,m, T, v, F ),A2 = (n,m, T, u, F )"

XJ�|�¢y�{z.ÚG±(q, p)÷

vA1�δ-BICÚIR^�, -p′i(~ti) = pi(~ti) + ~qi(~ti) ·
(~ui(~ti)−~vi(~ti)), K(q,p′)÷vA2�(δ+2m|u−v|∞)-

BICÚIR^�"

Ún2.2. éu���¢y�{z.qÚ��~êc ∈
(0, 1), qcE,´�¢y�"

y². b�©�¼êQ�q���¢y,duc ∈
(0, 1)§´�Qc�´���1�©�¼ê, Ï

dQc´qc���¢y.

Ún2.3. éu��ûñA = (n,m, T, v, F ), XJ

z�ï[éz�Ô¬��dO\��~�þ~d, @o

��ÂÃò¬O\§�Ø�L|~d|1"

(Üùn�Ún·���±e½nµ

½n2.1. éu��ûñA = (n,m, T, v, F )Ú�

�~êd,½ÂAd = (n,m, T, vd, F )§Ù¥vdij(~ti) =

dbvdij(~ti)/dc, Klimd→0R(Ad) = R(A)"
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y². b�(q, p)´�|¦AdÂÃ���{z.

ÚG±"dÚn 1.1��, (q, p) ÷vA�(δ +

dm)-BIC ÚIR ^�"´�( δ
δ+2dm

q, δ
δ+2dm

p′)�÷

vA�δ-BICÚIR^�(Ù¥p′½Â�Ún 2.1¥a

q)"Ïd·�kR(Ad) ≤ δ+2dm
δ

R(A)"-A′d =

(n,m, T, v′d, F )§Ù¥v′dij(~ti) = vdij(~ti) + d"dþ

¡�y²·��±uyR(A) ≤ δ+2dm
δ

R(A′d)"

qdÚn 2.1·���R(A′d) ≤ R(Ad) + dm"

� δ
δ+2dm

R(Ad) ≤ R(A) ≤ δ+2dm
δ

(R(Ad) + dm)"y

."

2.3 'u±þÚn�?Ø

3�2w½d¯K¥§2wÌ3z�½|¥Ï

��«Ï�§Ùd�¬kØÓ�©Ù"pé�þz

���� �2w´��ØÓ�3�2w½|"$

�§3z��ip/��Ð«§z��£Ä��þØ

Ó&Ò-u�:Â§Ñ�±¤�ØÓ½|�½d¯

K"ù��þ½|��`½dò�6u±þ�O�

�.?1½d"

,§Ó��2w3ØÓ½|þd��É3Ø

Ó«�aq�¸¥k��±3Ó�2wuÙXÚ¥

L«�2wûa.\þ���Ó��þ��¹"±

þÚnÒ�±�Ï·�{ü/��ù
½|��`

½d�m�'X"

±daí§�z�ï[�a.¦±��~

ê�§·��I�ÏLUCG±5÷v#ûñ

�BICÚIR^�"�Ä3ØÓ«�¥ù
2w�d

3�§ØÓ/«��rkØÓ�	ïå§Ïd§2

wûéu@
3u�/«p�±ÏLWiFi�¯��

¡�dÒ'�p§éu@
3juÐ/«�±Ï

LWiFi�¯��¡�dÒ'�$"·��AT�Ä

�ØÓ�¡��¡Àã"2wûéu9���þ�

2w �d�p"3ù«�¹e§·��±½Â��

Cþ5L«3�¡ÀãþØÓ«��	ïå§ù�

�uz�ï[�a.¦±���Ó�~ê��¹"

ü«�{�(Ü¦^§�±��ü$·�A^

ù�¯K�O��¦"

3 A^�~:�õÔ¬d�Õá.½|ïá

½dêâ¥

e¡·��Ä�ù��½|ïáêâ¥µ½|

¥ï[é¤kÔ¬��dÑ´�pÕá�"b�ï

[éÔ¬��dÑl�ä��©ÙNt(µij, σ
2
ij, µij −

2σij, µij +2σij),=��Ï"�µij���σ
2���©

Ù§3µij − 2σ and µij + 2σ?�ä"ÙVÇ�Ý¼

ê�

fij =

1
σij
ϕ
(
x−µij

σij

)
Φ(2)− Φ(−2)

(23)

éuz�|µijÚσij,·�I�p�/O�Ùé

A�{z.Úz ï[�G±"���ûñI�?

1Nõg�§XJ·�JcïáÐ'u{z.Úz

 ï[�G±�êâ¥§@oz�gûñ�IÏL

3êâ¥¥�Î=��¤§ùò¦���ó�C�

�~p�"duµijÚσij���´ëY�§Ïd·�

Ø�Uïáêâ¥�;z��µijÚσij��éA�

O�(J"�·��Äò§����«mlÑz�

��§,��O�Ú�;µijÚσij3��(:þ��

���¹",�éuz��ûñ§·�Ïé�§�

ëê��C�(:§¦^ù�(:éA�O�(J

��§�O�(J§ù�(J�I���
��?

�§·�¬3�¡?Ø"�©¥·�y²�(J�

±�yù��Cqò´��Ð�Cq§ÙØ��'

����âÝ"

3.1 êâ¥��ï

ùp·�b�z�½|¥ï[��d¼êvij´

�5�§=vij(0) = aij, vij(1) = bij§vij(t) =

aij + t(bij − aij)"Ó�ï[�a.tijÑl[0, 1]þ

Ï"�µ = 0.5���σ = 0.25��ä��©Ù"3

ù�^�e§·���.�±°(��[��(½

�ûñ"

3ïáÐêâ¥��§éuz�ûñ§·�

I�Ïé�Ùëê��C�(:"ùp·�Pz

�(:éAëê�µijÚσij,ù�ûñ�ëê©O

´µ̃ijÚσ̃ij"b�·�¦^���º��ε,@o·

�U
é���C�(:�ý¢ëêéA�(:

�ålò�uε"ÏLe¡��{§�±|^®²

�;�(:��ù�ûñ�Cq{z.µ-d =

maxij(|µij − µ̃ij|),@o#�{z.�q̃ = δ
δ+2dm

q,Ó

�G±�p̃ = δ
δ+2dm

p′,Ù¥p′�Ún 2.1¥½Âaq"

dÚn 2.1��, (q̃, p̃)E,÷vδ-BICÚIR^�"�

â½n 2.1,d(p̃, q̃)éA�Ï"ÂÃ���ÂÃ�m

��åþ.�ε�~ê�"

3.2 êâ¥�ïÚ�Î

Äk§��¥(:��êNg�
1
εnm§¿�éu

z���§·��é��`�{z.ÚG±¼ê"

XN¹¤«§ùÜ©ó�I�?1�gV��55

y,¦^ý¥{�±3õ�ª�mS�¤é{z.�

u�"S�u�I�éz�a.t ∈ T?1�g��
��"Ï~§�����¦)I�O(N3)��m§Ù

¥N´��(:��ê"¤±§ïáêâ¥o��m
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E,Ý�

O(
|T |
εnm

(n+m)3F (n,m, {Ti}))

Ù¥§F (n,m, {Ti})u���ê"
�u�mE,Ý§·�I���;��55y¥�

Ø�ª§o�òI�ÓâO((m
∑n

i=1 |Ti|)2)��m§

äN�ûu¢y[!"

,	§éuz���(:§êâ¥¥�I��;§é

A�{z.ÚG±¼ê§ùòÓâO(
m

∑n
i=1 |Ti|
εnm )�

^��m"

éuz�g�Î§·��±��é���¥

�C�(:¿\1éA�êâ§ùÜ©ó�I

�O(m
∑n

i=1 |Ti|)��mÚ�m"
3.3 E,5

·�3ù��!¥O�3�O��aûñ�

E,Ý"�[�¦{�N¹§3ùp·��E,5

©Û"Äkb�kM�ï[,z ï[²þkT«a

.,ûñ�Ô¬kN�"�Bå�§·�b�X =

M ∗ T ∗N"
b�·�¦^ý¥{¦)�55y¯K"ù

��{¥§ý¥S�I�s¤O(D2)��mé

�)(D��55y¯K��Ý§3·��¯K

¥D = (M ∗ T ∗ N + M ∗ T ))§z�ÚS��

O�I�O(D2)��m"Ïdù��{��mE,

Ý�O(X2 ∗max(X2, T ime(SO)))"

�e5·��Ä©lý«(SO)§z$1

�gSO,·��I�¦)���Ý�M ∗ N ∗
T + 1��55y§ÏdTime(SO) = O(X2 ∗
max(Time(V CG), X2))"

XJ·�O�Ã���JVCG,·��±

3O(M)�mSO���{z.(�´òz�ï[

a.'Ù¦ï[��VÇ�¦),�XJ�Ä��

�¹§·�I�qÞ¤k�Ua.¿O��¬4

|(social welfare),~X§XJ·��Äz�ï[�

õï��Ô¬�ûñ§·�I�éz�«�¹$

1�g���{"Ïd�
O�z�{z.§·�

��I�O(TM)��m5qÞz«�¹"o�

kM ∗ T�{z."
nþ,¦)��Ã���õÔ¬ûñ§���

{��mE,Ý�O(X4 ∗ max(M2 ∗ T,X2)),

éuk���¹e§K´O(X4 ∗ M ∗ T ∗ TM ∗
Time(max social welfare))

4 l�¢y

3õÔ¬ûñ�¢SA^¥§Xpé�2w§·

�Ï~�¦§z�ï[�U¼���Ô¬£Ï�ü

��Ó�2wÑy3Ó��´vk¿Â�¤§�¤

kÔ¬7LÑ�ñÑ£�3vk�ñÑ�2w Q

´L¤�m§�Ï�3�¡3k�x�mw�Ø

{*¤"dupé�þ�2wûñ�~ª�§Ïdz

g�êâ¥�Î�¬k'����d§¤±ò�


O�l��¤´ég,��{"·�uyA�¢~

¥§ï[a.�CzØ¬UC·��¯K�{z.§

ù¦�ÏLO�©lý«5u�{z.¢y�ó�

��±l��¤"

4.1 �5Cz

ù��!·�ò`²XJ2wû�©ÙÑy�

5Cz§@o·��±l�¯�¦)"

·�k)º�e·�¯K¥��55yµ

-pi(~vi)L«ï[i3a.�~vi��Ï"G±"e

¡��55yO�¤k÷vδ-��d-y�NÚ�

Nn5^��Å�¥��`Ï"ÂÃ"

• Cþ:

– pi(~vi), L«ï[i3a.�~vi��Ï"G

±"

– πij(~vi), L«ï[i3a.�~vi���Ô

¬j�VÇ"

• �å:

– ~πi(~vi) · ~vi − pi(~vi) ≥ ~πi( ~wi) · ~vi − pi( ~wi)−
δ.(δ-BIC �½Â)

– ~πi(~vi) · ~vi − pi(~vi) ≥ 0.(IR�½Â)

– SO(~π) = yes, � y { z

.~π3F (F ,D′)¥(�15)"

• ��z:

–
∑m

i=1

∑
~vi∈Ti

Pr[ti = ~vi] · pi(~vi), Ï"Â
Ã"

´�§�z�ï[�a.¦±Ó��~ê�§·��

´-G±¦±�Ó�~ê§KéA�{z.Ú#�

G±¼êE,÷v��å^�Ú��zÏ"ÂÃ"

�e5·�y²§XJz�ï[�a.\þ�

��Ó��þ§·��IUCG±¼ê§KéA�{

z.Ú#�G±¼êE,÷v��å^�Ú��z

Ï"ÂÃ"b�þã�55y�)�~πi(~vi)Úpi(vi)"

�¤kï[�ý�ÑO\~d�ü ,�Ò´`§¦�

é1j�Ô¬��dJpdj,·�F"ÏL��55

y�)����#��55y�)"P#�55y

�)�~π′i(~vi)Úp
′
i(~vi)"-~π

′(~vi + ~d) = ~π(~vi),=§�

�{z.�Ó"Ó�p′i(~vi + ~d) = pi(~vi) + ~πi(~vi) · ~d§
�Ò´`z�ï[�	|Gdj¦±¦¼�z�Ô

¬j�VÇ"·�F"y²ù¯¢þÒ´#�55y
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�)"

-T ′i = {~ti + ~d | ~ti ∈ Ti}"�±�y¤k��å^�
E,÷v"

~πi(~vi) · ~vi − pi(~vi) ≥ ~πi( ~wi) · ~vi − pi( ~wi)− δ
∀~vi, ~wi ∈ Ti
~πi(~vi) · (~vi + ~d)− (pi(~vi) + ~πi(~vi) · ~d)

≥ ~πi( ~wi) · (~vi + ~d)− (pi( ~wi) + ~πi( ~wi) · ~d)− δ
~π′i(~vi) · ~vi − p′i(~vi) ≥ ~π′i( ~wi) · ~vi − p′i( ~wi)− δ
∀vi, wi ∈ T ′i

1���å^��±ÏLÓ���ªy²§Ó

�SO(~π)�(JA�/yes0§Ï�~πa.�©Ù¿

�UC"

y3·�F"y²ù�)´�`)"5¿�XJ·

�òpiU�p
′
i,¼ê�I�\þ��Ïf

m∑
i=1

∑
~vi∈Ti

Pr[ti = ~vi] · p′i(~vi)

=
m∑
i=1

∑
~vi∈Ti

Pr[ti = ~vi](pi(~vi) + ~πi(~vi) · ~d)

=
m∑
i=1

∑
~vi∈Ti

Pr[ti = ~vi] · pi(~vi) +

m∑
i=1

∑
~vi∈Ti

Pr[ti = ~vi]~πi(~vi) · ~d

=
m∑
i=1

∑
~vi∈Ti

Pr[ti = ~vi] · pi(~vi) +

m∑
i=1

∑
~vi∈Ti

Pr[ti = ~vi]
n∑
j=1

~πij(~vi)dj

=
m∑
i=1

∑
~vi∈Ti

Pr[ti = ~vi] · pi(~vi) +

n∑
j=1

dj

m∑
i=1

∑
~vi∈Ti

Pr[ti = ~vi]~πij(~vi)

=
m∑
i=1

∑
~vi∈Ti

Pr[ti = ~vi] · pi(~vi) +
n∑
j=1

dj

¤±§XJ#��55y�3,��)(π̃′i, p̃
′
i)§

÷v§�ÂÃ�u(π′i, p
′),@o(π̃i, p̃i)�ÂÃò�

u(πi, pi),ù�7(πi, pi)´��55y¯K���)

gñ"

4.2 a.��UC��¹

¦)þã�55y¯KI�s¤�þ��m§

Ù�mE,Ý´�ê?�"·�F"(�XJ� 

ï[UC
�::¦/¨�a.§·��±�é�A

�êâ�Ñ�#§¦+�#L���ÂÃØ´��

�§�ål����~�C"

b�ï[k�ý�UC
~d�ü ,�Ò´`¦

é1j�Ô¬��dUCdj§Ù¦ï[�ÑdØ

C"Ó�§·�b�ï[k�UCþ.�ε,=|dj| <
ε§j = 1, 2, · · · , n"
-~π′(~vk + ~d) = ~π(~vk), ={z.ØC, Ó

�p′k(~vk + ~d) = pk(~vk) + ~πk(~vk) · ~d, �Ò´`ï

[i�	|Gdj¦±¦/¨¼�z�Ô¬j�VÇ"·

�F"y²µ(i)§E,÷v�å^�(ii)éA�ÂÃ

�ý¢���ÂÃ��Ø�"

-T ′k = {~tk + ~d | ~tk ∈ Tk}"�±�y¤k�å
^�E,÷v"

~πk(~vk) · ~vk − pk(~vk) ≥ ~πk( ~wk) · ~vk − pk( ~wk)− δ
~πk(~vk) · (~vk + ~d)− (pk(~vk) + ~πk(~vk) · ~d)

≥ ~πk( ~wk) · (~vk + ~d)− (pk( ~wk) + ~πk( ~wk) · ~d)− δ
~π′k(~vk) · ~vk − p′k(~vk) ≥ ~π′k( ~wk) · ~vk − p′k( ~wk)− δ

1���å^��±ÏLÓ���ªy²§Ó

�SO(~π)�(JA�/yes0§Ï�~πa.�©Ù¿�

UC"

y3·�F"y²ù�)��`)é�C"

max

{∑
i 6=k

∑
~vi∈Ti

Pr[ti = ~vi]pi(~vi)+

∑
~vk∈T ′k

Pr[tk = ~vk]p
′
k(~vk)


≤ max

m∑
i=1

∑
~vi∈Ti

Pr[ti = ~vi]pi(~vi) +

max
∑
~vk∈Tk

Pr[tk = ~vk]~πk(~vk) · ~d

≤
m∑
i=1

∑
~vi∈Ti

Pr[ti = ~vi] · pi(~vi) + ε
∑
~vk∈Tk

Pr[tk = ~vk]

=
m∑
i=1

∑
~vi∈Ti

Pr[ti = ~vi] · pi(~vi) + ε

Ù¥1��Ø�ª´Äub�vk<¬¼��L�

�Ô¬"

dþã·��±uy§#�55y¯K���

����55y¯K������Ø�Lε"�,§

#������#�������Ï"ÂÃ���

Ø�Lε"¦+ØU�yý¢����é�C·��

��{z.Ú½d"
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,��¡§�a.UCé��§{z.�Uk

é�UC"~X§�Ä�k��Ô¬Ú��ï[§ï

[kü«a.µ10-εÚ20,§��VÇÑ´0.5,@oé

A�{z.�(0,1)"�¦�a.C�10+εÚ20�,{

z.C�(1,1).

5 ?Ø��5�ó�

�©JÑ��{�Ä
ïáêâ¥ý?n3�

½d�©��½||¤"§�½|�O¯K�¦)

m8
#��U5"XÛâU?�ÚJp�ÇQº

·�r§���5ïÄ��K"AO/§��'�

�J:3u3ý«�ï¥éu�55y�?n"

5.0.1 ý¥{�J:

ý¥{´1��^5¦)�55y¯K�õ�

ª�m�{§�§3¢SA^¥¿���¿©�N

y"ý¥{�¦�~°(�O�§��55y¯

K��Ý�D�,§I�°(Ý��D2'A,ù�I

�3·��¯K¥¿�X��O�þ"
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N¹: Ún 1.1y²

y². ·�Äk©ÛHÚȞ�m�'Xµ

Ȟk
i =

k∑
j=1

čji f̌
j
i

=
k∑
j=1

w̌ji f̌
j
i − (w̌k+1

i − w1
i ) +

k∑
j=1

(w̌j+1
i − w̌ji )F̌

j
i

=
k∑
j=1

w̌ji (F̌
j
i − F̌

j−1
i )− (w̌k+1

i − w̌1
i )

+
k∑
j=1

(w̌j+1
i − w̌ji )F̌

j
i

= w̌k+1
i F̌ k

i − w̌k+1
i + a

= Hi(Fi(w̌
k+1
i )) (24)

Ù¥�����ªdeª��µ

Hi(Fi(x)) =

∫ x

ai

ci(t)fi(t)dt

=

∫ x

ai

(tfi(t)− 1 + Fi(t))dt

= tFi(t)|x0 − (x− a)

= xFi(x)− x+ a (25)

éuǍk�?¿©�5KQ̌§·��±�A�ï��

éA�5Kµ

qi(t) = max{q̌ki |w̌ki ≤ t} (26)

5¿�q�±�ù��©�¼êQi(t)¢yµQi(t)�

��Q̌i(w̌
k1
1 , . . . , w̌

kn
n )§Ù¥w̌kii ´�uti���a
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."�e5·��±O�ï[iG±µ

Pi(qi) =

∫ bi

ai

ci(t)qi(t)fi(t)dt

=
K∑
k=1

(

∫ w̌k+1
i

w̌k
i

ci(t)fi(t)dt)q̌
k
i

=
K∑
k=1

(Ȟk+1
i − Ȟk

i )q̌ki

= qi(bi)Hi(Fi(bi))

−
K−1∑
k=1

Hi(Fi(w̌
k+1
i ))(qki − qki ) (27)

P̌i(q̌i) =
K∑
k=1

čki q̌
k
i f̌

k
i

=
K∑
k=1

(Ȟk
i − Ȟk−1

i )q̌ki

= −
K−1∑
k=1

Ȟk
i (q̌k+1

i − q̌ki )− Ȟ0
i q̌

1
i + ȞK

i q̌
K
i

= −
K−1∑
k=1

Hi(Fi(w̌
k+1
i ))(qk+1

i − qki )

+qi(w̌
K+1
i )Hi(Fi(w̌

K+1
i ))

= qi(bi)Hi(Fi(bi))

−
K−1∑
k=1

Hi(Fi(w̌
k+1
i ))(qki − qki ) (28)

Ïd§éuǍk�`�{z.§·�kéA�{

z.A§¿�§����ÂÃ�Ó"

�R(Ǎk) ≤ R(A)"�e5·�y²R(A) ≤
R(Âk)"

d(20)±9ȞÚĤ�½Â·�kµ

Ĥ(z) = Ȟ(z) + diz (29)

éuA�?¿©�5KQ,·��±�Âk�ï�

��A�5Kµ

q̂i(ŵ
k
i ) =

(∫ ŵk
i

ŵk−1
i

qi(ti)fi(ti)dti

)
/f̂ki (30)

d(16)Ú(17)�±��y²q̂´�¢y�"[2] Jø


���{¢y
q̂"

e�Ú·�O�ÂkÚA¥ï[i�G±µ

P̂i(q̂i) =
K∑
k=1

ĉki q̂
k
i f̂

k
i

=
K∑
k=1

ĉki

∫ ŵk
i

ŵk−1
i

qi(ti)fi(ti)dti

=

∫ bi

ai

qi(t)dĤi(Fi(ti))

= qi(t)Ĥi(Fi(t))|biai −
∫ bi

ai

Ĥi(Fi(t))dqi(t)

= qi(bi)Ĥi(Fi(bi))−∫ bi

ai

Ĥi(Fi(t))dqi(t) (31)

Pi(qi) =

∫ bi

ai

ci(t)qi(t)fi(t)dt

=

∫ bi

ai

qi(t)dH(Fi(t))

= qi(t)H(Fi(t))|biai −
∫ bi

ai

Hi(Fi(t))dqi(t)

= qi(bi)H(Fi(bi))−∫ bi

ai

Hi(Fi(t))dqi(t) (32)

5 ¿ �Fi(bi) = 1± 9Ĥ(1) = H(1) +

di,�'�(31)�(32),�Iy²Ĥ(z) ≤ H(z) +

di∀z ∈ [0, 1]§=�y²R(q) ≤ R(q̂)"éu

?¿�ŵki ,d(24)9(29)§�±y²Ĥ(F (ŵki )) =

H(F (ŵki ))+diF (ŵki )"éuti ∈ [ai, bi],b�ŵ
k
i ≤

ti ≤ ŵk+1
i ,�λ = F (ti)−F (ŵk

i )

F (ŵk+1
i )−F (ŵk

i )
(λ ≤ 1)"·�k

Ȟ(F (ŵki )) = a− ŵki + ŵki F (ŵki ) (33)

Ȟ(F (ŵk+1
i )) = a− ŵki − di

+(ŵki + di)(F (ŵki ) + f̂(ŵk+1
i ))

= Ȟ(F (ŵki ))− di + diF (ŵki ) +

dif(ŵk+1
i ) + ŵki f(ŵk+1

i ) (34)



XÏ 11
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Ȟ(F (ti)) = Ȟ(F (ŵki )) + λ(−di +

diF (ŵki ) + dif(ŵk+1
i ) +

ŵki f(ŵki ))

≤ Ȟ(F (ŵki )) + λŵki f(ŵki )

= a− ŵki + ŵki F (ti)

H(F (ti)) = a− ti + tiF (ti)

Ĥ(F (ti))−H(F (ti)) ≤ di(F (ti)) +

(ti − ŵki )(1− F (ti))

≤ di

N¹:Ún 2.1y²

y². Ï�(q, p)÷vA1�δ-BICÚIR^�, ·�k

~qi(~ti)·~vi(~ti)−pi(~ti) ≥ ~qi(~si)·~vi(~ti)−pi(~si)−δ ∀~ti, ~si

~qi(~ti) · ~vi(~ti)− pi(~ti) ≥ 0 ∀~ti
dp′�½Â�

~qi(~ti) · ~vi(~ti)− pi(~ti) = ~qi(~ti) · ~ui(~ti)− p′i(~ti)

∀~ti �(q, p′)÷vA2�IR^�"

,��¡§

~qi(~si) · ~ui(~ti)− p′i(~si)
= ~qi(~si) · ~vi(~ti) + ~qi(~si)(~ui(~ti)

−~vi(~ti))− pi(~si)− ~qi(~si)(~ui(~si)− ~vi(~si))
≤ ~qi(~si) · ~vi(~ti) + |~ui(~ti)−

~vi(~ti)|1 − |~ui(~si)− ~vi(~si)|1
≤ ~qi(~si) · ~vi(~ti) + 2m|u− v|∞ (35)

∀~si,~ti. ¤±(q, p′)�÷vA2�(δ + 2m|u − v|∞)-

BIC^�"

N¹:Ún 2.3y²

y². b��dO\��§ûñC�
A′ =

(n,m, T, u, F )§Ù¥∀i,∀j,∀t, uij(~ti) = vij(~ti) +

d"b��|{z.ÚG±(q, p)��zA�ÂÃ"

-p′L«,��G±¼ê§÷vp′i(~ti) = pi(~ti) + ~d ·
~qi(~ti)"

~qi(~si) · ~ui(~ti)− p′i(~si)
= ~qi(~si) · (~v(~ti) + ~d)− p′i(~si)
= ~qi(~si) · ~vi(~ti) + ~d · ~qi(~si)− p′i(~si)
= ~qi(~si) · ~vi(~ti)− pi(~si) (36)

∀~ti, ~si"¤±(q, p′)÷vA′�δ-BICÚIR^�"

�¦^(q, p′)�, A′ÂÃ�u∫
T

∑
i∈N

(p′i(~ti)fi(~ti))dt

= R(A) +

∫
T

∑
i∈N

(~d · ~qi(~ti)fi(~ti))dt

= R(A) +
∑
j∈M

∫
T

∑
i∈N

(djqij(~ti)fi(~ti))dt

= R(A) +
∑
j∈M

dj
∑
i∈N

∫
Ti

(qij(~ti)fi(~ti))d~ti

= R(A) +
∑
j∈M

dj
∑
i∈N

Pr[ï[i¼�Ô¬j]

= R(A) +
∑
j∈M

djPr[Ô¬j�ñÑ] (37)

¤ ±R(A′) ≥ R(A) +∑
j∈M djPr[Ô¬j3�`ûñA¥�ñÑ]

a q �R(A) ≥ R(A′) −∑
j∈M djPr[Ô¬j3�`ûñA

′¥�ñÑ] ¤

±R(A) ≤ R(A′) ≤ R(A) + |~d|1.

N¹µ{z.�J[VCG¦)�Y

ÏL{z.)ûûñ¯K§�´õÔ¬ûñ¥

���Ø%¯K"Cai�<�O
��FPRAS�{§

ò��zûñÂÃ�¯K=z¤��¬4|��z

¯K [3]"Äky²
�|¼ê�¢y�±ÏL��

©lý«5u�§,��OÑ���55y5¦)

��ÂÃ÷vICÚIR^��éA�{z."��Ï

LA�J[VCG¢y{z."ù�L§�©)�±

eÚ½"

5.1 J[VCG

½ Â5.1. � � JVCG© � 5 K ´ � | \ �

¼ ê§ fi : Ti → Rn. fiò ï [i� �

�a.N��ï[i ���Ja." éu

? ¿ a . | Ü~v§ JVCG© � 5 K ± 9 ¼

ê |{fi}i∈[m]3 Ñ \ �(f1(~v1), . . . , fm( ~vm))� �

�V CGF" V V CGF({fi}i∈[m])L«3�15�

åFÚ\�¼ê{fi}i∈[m]�^�e�JVCG©�5

K"

½Â5.2. -~w ∈ R
n
∑
i

=1m|Ti|
"½Âfi¦�fij(A) =

wij(A)

Pr[ti=A]
" @ oV V CGF(~w)= � JVCG© � 5

KV V CGF({fi}i∈[m])"

5.2 {z.

½Â5.3. ��©�5K�{z.´���þ�¼

êπ(·)§éA3?¿ï[i!Ô¬j Úa.A ∈ Ti þ
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���πij(A)"πij(A)L«ï[i3a.�A���

Ô¬j �VÇ§Ù¥VÇ�9¤kÙ¦ï[�a.

��Å5±9©�5K�SÜ�Å5"ùp·�b

�Ù¦ï['u¦��a.�Ñ´ª¢�"

é u ? ¿ \ � � þ~w ∈ R
n
∑
i

=1m|Ti|
§

-RF(~w)L «V V CGF(~w)� { z .§ WF(~w)L

« ¤ k Ô ¬ 3V V CGF(~w)e o � Ï " � §

=WF(~w) = RF(~w) · ~w"
�½?¿�15�å^�F ⊆ 2A±9?¿

ï[a.�©ÙD§¿Ø´¤k÷v∀i, j, A, 0 ≤
πij(A) ≤ 1�{z.Ñ´�1�§=�±ÏLA½

�©�5K¢y"�´§¤k�1�{z.|¤��

àõ¡N"-F (F ,D)L«3�15�å^��F
ï[a.Ñl©ÙD�¤k�1�{z.�¤�8
Ü"K·�ke¡�½nµ

½n5.1. XJ|D|´k��§KF (F ,D)´��àõ

¡N"

5.3 ©lý«

·�^��©lý«SO(~π)5u�~π´Äá

uF (F ,D)"XJ~π ∈ F (F ,D),KSO(~π)�ÑÑ(J

�”yes”;ÄKÑÑ���²¡£àõ¡NF (F ,D)�

��>.¤§ù��²¡ò~πÚF (F ,D)©l"SO�

±ÏLe¡�½n¢yµ

½n5.2. ��{z.~π3FÚD¿Âe´�1��
�=�éu?¿~w ∈ [−1, 1]

n
∑
i

=1m|Ti|
§Ñk~π · ~w ≤

WF(~w)"

ù���©lý«u�~π´ÄáuF (F ,D)�Ú

½Xeµ$1e¡��55ySOLP§��zg~π =

WF(~w)−~π· ~w§PÑÑ��`)�t∗, ~π∗"XJ�55
y�(J�K§@o·���~w∗ ·~π > t∗ = WF(~w)§

Ó���¤I��²¡"ÄK§Ñ\�{z.´�

1�§ÑÑ�”yes”"SOLPµ

• Cþµ

– t§L«WF��"

– wijA"

• �åµ

– −1 ≤ wij(A) ≤ 1§éu?¿ï[i!Ô

¬jÚa.A ∈ Ti"

– t ≥ RF(~w) · ~w"

• ��zµ

– t− ~π · ~w"
5.4 ò{z.©)��|JVCG

½n5.3. n�õ¡NP�z��S:~x�±��¤

�õn+ 1�P�à:�à|Ü"

�{{{µµµòòò~x���¤¤¤���õõõn+ 1���ààà:::���ààà|||ÜÜÜ

1:Initialize: i = 1, ~y = ~0, ~z = ~x,E = ∅, ci = 0, ~ai =
~0, ∀i ∈ [n+ 1], c =

∑
i

ci, ~y
1
c

∑
i

ci~ai, c~y + (1− c)~z =

~x"""

2:WHILE c < 1 DO

3: SET~ai = CO(E).

4: IF ~ai = ~z THEN

5: SET ci = 1− c.
6: OUTPUT c1, . . . , cn+1, ~a1, . . . , ~an+1.

7: ELSE

8: SET D = max{d|(1 + d)~z − d~ai ∈ P}.
9: SET Ei = SO((1 + D + ε)~z − (D + ε)~ai) for

ε > 0.

10: UPDATE ci = (1 − 1
1+D

)(1 − c), E = E d
Ei, c, ~y, ~z.

11: END IF 12:END WHILE

���������ýýý«««(CO)´́́������ÑÑÑ\\\������


���²²²¡¡¡ÑÑÑ

ÑÑÑ������²²²¡¡¡���úúú���:::£££½½½???¿¿¿���:::§§§XXXJJJùùù


���²²²

¡¡¡vvvkkkúúú���:::¤¤¤���ýýý«««"""

½½½nnn5.4. þþþããã���{{{������ýýý«««���±±±ÏÏÏLLLÑÑÑÑÑÑJJJVCG

V V CGF(~w)���{{{zzz...555¢¢¢yyy§§§ÙÙÙ¥¥¥~w´́́ÑÑÑ\\\���²²²

¡¡¡£££^̂̂���þþþLLL«««¤¤¤���²²²þþþ���þþþ"""


